A simple approach to deal with an engineering problem of free vibration of functionally graded beams with nonuniform cross-sections where the material properties arbitrarily vary along the axial direction is presented. Instead of directly solving the fourth-order governing differential equation with variable coefficients, we transform the governing equation to a system of linear algebraic equations based on the polynomial expansion and integral technique. Then, a characteristic equation in natural frequencies will be obtained. Several examples of estimating natural frequencies for axially graded beams and non-uniform beams are presented, which show that our method has a fast convergence and the obtained numerical results are accurate. The proposed method is important to investigate because of the dynamic behavior of axially non-uniform beams in engineering applications.
INTRODUCTION
Non-homogeneous structural components with axially varying material properties are common in buildings, bridges, machine parts. There has been a great amount of research dedicated to investigating the dynamic behaviors of axially nonuniform beams. In this field, many approximate methods or numerical techniques have been formulated, which include Rayleigh's quotient method, the finite element method, the finite difference method, the boundary element method, and the differential quadrature method. By assuming that the beam's cross sectional area and the moment of inertia is arbitrary to polynomial functions of the position, Abrate 1 used the Rayleigh-Ritz approach and Lagrange multiplier method to analyze the free vibration of nonuniform beams with the general shape and arbitrary boundary conditions. Analytical solutions of the vibration for the nonuniform beam with cross section geometries with exponentially variable widths have been obtained for three different types of boundary conditions associated with simply supported, clamped and free ends.
2 Nachum and Altus used the functional perturbation method to determine the natural frequencies and mode shapes of non-homogeneous rods and beams.
3 By applying the Adomian modified decomposition method, Hsu et al. converted the governing differential equation to a recursive algebraic equation and kept the boundary conditions within simple algebraic frequency equations which were suitable for symbolic computation. 4 Based on the fact that a nonuniform beam can be partitioned into multi homogeneous uniform sub-beams, Singh et al.
5 developed a numerical method for determining the natural frequencies of a nonuniform beam. By assuming the material constituents are varied throughout the thickness or longitudinal directions according to a simple power law, Alshorbagy et al. used the numerical finite element method to investigate the dynamic behaviors of functionally graded beams.
6 Based on the homotopy perturbation method and variational iteration method, Coskun and co-workers investigate the free vibration and buckling behaviors of beam. [7] [8] [9] [10] Clearly, most of the aformentioned methods do not yield a closed-form solution, but rather numerical or approximate results. It is well-known that when the graded elasticity and/or cross section of the beam varies along the axial direction, a problem of solving a differential equation with nonuniform coefficients based on the Euler-Bernoulli assumption arises. Therefore, closed-form solutions for free vibration of nonuniform beams are often difficult to find. So far, few analytical solutions are found in arbitrary gradient change due to the difficulty of mathematical treatment. Fortunately, by making use of the semi-inverse method, Elishakoff and co-workers treated a large class of problems involving graded beams of special forms such as polynomials and obtained explicit fundamental frequency of free vibration.
11-14 Aydogdu 15 also used the semi-inverse method to study the vibration and buckling of simply supported beams. However, the semi-inverse method cannot apply for graded beams of any axial inhomogeneity. By using the differential transform method, Catal investigated the problem of free vibration of one end fixed and the other simply supported beam resting on elastic soil. 16 The free vibration and stability of axially functionally graded tapered Euler-Bernoulli beams have been studied by Shahba and Rajasekaran 17 through solving the governing differential equations based on the differential transform element method. Based on the EulerBernoulli theory and Haar wavelet approach, Hein and Feklistova 18 investigated the free vibration nonuniform and functionally graded beams with various boundary conditions and varying cross sections. The free vibration and stability analysis of axially functionally graded tapered Timoshenko beams were carried out using the finite element approach. 19 Recently, Li et. al 20 investigated the free vibration of exponential functionally graded beams, where the characteristic equations in closed form with different boundary conditions have been derived.
The objective of this paper is to present a simple approach for analyzing the dynamic behavior of axially functionally graded and nonuniform beams, where the material properties are varying arbitrarily along the axial direction. By expanding the mode shapes as power series, we transform the governing differential equation with variable coefficients to a system of algebraic equations with unknown coefficients. The natural frequencies can be easily determined from the existing condition of a nontrivial solution in the resulting system. We will apply the method to evaluate the natural frequencies of uniform homogeneous and nonuniform beams with the kinds of boundary conditions. Moreover, the effects of the gradient parameter and cross section on the natural frequencies under various end supports will be discussed.
